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Abstract

Attention is drawn to a need for caution in the thermodynamic characterization of nonspecific binding of a large ligand to
a linear acceptor such as a polynucleotide or a polysaccharide—because of the potential for misidentification of a transient
Ž .pseudoequilibrium state as true equilibrium. The time course of equilibrium attainment during the binding of a large ligand
to nonspecific three-residue sequences of a linear acceptor lattice has been simulated, either by numerical integration of the
system of ordinary differential equations or by a Monte Carlo procedure, to identify the circumstances under which the

Ž .kinetics of elimination of suboptimal ligand attachment called the parking problem create such difficulties. These
simulations have demonstrated that the potential for the existence of a transient plateau in the time course of equilibrium

Ž . Ž . Ž .attainment increases greatly i with increasing extent of acceptor saturation i.e., with increasing ligand concentration , ii
Ž .with increasing magnitude of the binding constant, and iii with increasing length of the acceptor lattice. Because the

capacity of the polymer lattice for ligand is most readily determined under conditions conducive to essentially stoichiometric
Ž .interaction, the parameter so obtained is thus likely to reflect the transient irreversible rather than equilibrium binding

capacity. A procedure is described for evaluating the equilibrium capacity from that irreversible parameter; and illustrated by
w Ž .application to published results M. Nesheim, M.N. Blackburn, C.M. Lawler, K.G. Mann, J. Biol. Chem. 261 1986

x3214–3221 for the stoichiometric titration of heparin with thrombin. q 1998 Elsevier Science B.V. All rights reserved.
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1. Introduction

In interactions between protein ligands and linear
w xpolymeric acceptors such as polynucleotides 1,2 or

w xpolysaccharides 3 , a complication arises whenever
the site for ligand binding comprises a sequence of
two or more consecutive residues on the polymer

Ž .chain lattice . Because of the similarity of the re-
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peating units of the linear lattice, there may be no
specific site for binding: any residue sequence of the
appropriate length is a potential site for ligand at-
tachment, resulting in a readily definable, albeit
complicated case of bona fide nonspecific binding.
During the early stages of such nonspecific binding,
the random attachment of ligand molecules leads to
the existence on the acceptor chain of spaces be-
tween bound ligands that contain too few residues to
accommodate an additional ligand molecule. This is
despite the fact that there would be sufficient unoc-
cupied residues if the bound molecules were aligned
laterally in an optimal arrangement. This feature is
illustrated in Fig. 1 for the binding of a ligand to
three-residue sequences of a 17-unit lattice. Clearly,
the maximum number of ligand molecules that can

Ž .attach to the chain is five Fig. 1a ; but if random
binding leads to the distribution of the first four
ligands shown in Fig. 1b, this chain is effectively
saturated with only four ligand molecules until the
combined processes of dissociation and association
result in the required optimal alignment of bound
ligand molecules so that another vacant three-residue
sequence is created. Fig. 1c represents an even more
extreme situation wherein effective saturation of the
lattice is achieved after the attachment of only three
ligand molecules. From the thermodynamic view-
point the latter two examples are not equilibrium
situations because they merely represent transient
states on the route to chain saturation with five
ligand molecules. Because we shall be considering

Fig. 1. Schematic representation of three ‘saturated’ complexes,
Ž . Ž .a – c , formed during the early stages of random attachment of a

w xligand S to three-residue sequences on a 17-residue acceptor
w x Ž . Ž .lattice A : b and c are transient states that are eliminated in the

Ž . Ž .attainment of equilibrium. Panels d and e illustrate examples of
equilibrium and transient saturation states respectively for a ligand

Ž . Ž .that binds to three ns3 but occupies five ms5 lattice units.

later the possibility that ligand occupies more lattice
sites than the number to which it actually binds, the
corresponding transient parking problem is illus-
trated for a symmetrical overlap situation entailing
interaction with three but occupancy of five lattice

Ž .sites Fig. 1d,e : transient saturation states with two
rather than three bound ligand molecules can clearly
be formed.

Operationally, an equilibrium situation is assumed
to exist when no significant change in binding with
time can be observed. In the systems under consider-
ation, the transient parking problem is shown to
increase with increasing ligand concentration, the
suboptimal occupation of sites being maximal under
conditions approaching saturation of acceptor with
ligand. However, inspection of the quantitative ex-
pressions for the nonspecific interaction of ligands

w xwith segments of a linear polymer 2,4–7 clearly
indicates that suboptimal use of sites, termed the

w xparking problem 8,9 , is eliminated in the limit of
infinite ligand concentration for accurate thermody-
namic description of the binding process. The matter
addressed in this investigation is the time-course of
the elimination of the parking problem, which can be
a key issue in the collection of binding data, particu-
larly by spectrophotometric or spectrofluorometric
titration.

Major contributions to our understanding of non-
specific binding to one-dimensional lattices of finite

w xlength have been provided by Epstein et al. 5,10–15 .
In their examination of the kinetics of the binding
process, Monte Carlo methods were used for ‘exact’
numerical simulations, whereas approximate analyti-
cal solutions were obtained by assuming that the
extent of ligand binding had no effect on the free
concentration of ligand. The use of numerical meth-
ods to solve the system of ordinary differential equa-
tions describing the kinetics was raised but deemed
impractical because of the number of differential
equations to be solved. Developments in computer
software technology have alleviated that impediment.

In the present investigation, advantage is taken of
a commercial software package to simulate numeri-
cally the solution of the set of ordinary differential
equations describing the kinetics of nonspecific bind-
ing of ligands to one-dimensional lattices. These
computer-simulated time-courses of the approach to
thermodynamic equilibrium provide valuable insight
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into the identification of conditions under which
kinetic aspects of the parking problem have the
potential to interfere with the thermodynamic charac-
terization of nonspecific binding to sequences of
consecutive residues on a linear lattice. On the
grounds that considerable difficulty is likely to be
encountered in deducing the maximum number of
polymer sites available for ligand binding from equi-
librium measurements, a procedure is described for
determining this parameter on the basis of the end-
point of a titration performed under conditions of
stoichiometric complex formation.

2. Methods

As mentioned above, evaluation of the time course
of equilibrium attainment has involved the establish-
ment of systems of ordinary differential equations
for the binding of ligands which cover three consecu-
tive residues on linear acceptors ranging from six to
nine residues in length. These differential equations
were solved by means of the SCIENTIST modelling

Žpackage from Micromath Scientific Software Salt
.Lake City, UT operating on a 486 PC. The numeri-

cal technique used most often to integrate the differ-
ential equations was EPISODE, an Adams–Moulton
type method for stiff equations that is available as an
option on the SCIENTIST menu. This program pro-

Žvided a faster return of the solution order of a
.minute than could be accomplished by means of

alternative options based on the Bulirsch-Stoer and
Runge Kutta algorithms. Thus, despite the fact that

none of the sets of differential equations comprised
stiff systems, EPISODE was used to explore the
conditions that give rise to parking problem kinetics
that could impede and confound the experimental
measurement of thermodynamic binding data.

The simulations model the time dependence of
acceptor occupancy, defined in the usual way as the
ratio of the concentration of ligand bound to the total
concentration of acceptor. This binding function, r ,t

which is given a subscript to denote its time depen-
Ž .dence, ranges from zero at ts0 to an equilibrium

value, r . Values of r have been determined byeq t

following the variation of the free ligand concentra-
w xtion at time t, S , in a mixture with total concentra-t

w x w xtions A and S of acceptor and ligand, respec-tot tot

tively, and then calculating the binding function as

w x w x w xr s S y S r A 1Ž .Ž .tot t tott

2.1. The set of ordinary differential equations

The method of constructing a system of ordinary
differential equations for the binding of a large lig-
and to a linear lattice is illustrated by considering the
interactions of a ligand with any three consecutive
residues of a seven-residue lattice under conditions
where the same association and dissociation rate
constants apply to all interactions. The relevant fea-
tures of the approach are summarized in Fig. 2. For
this situation there are clearly five positions available
for attachment of the first ligand molecule, all of
which are equally probable. In addition to these five
species, designated 1AS to 5AS , there are three

w xFig. 2. Schematic representation of the various acceptor–ligand complexes formed in the nonspecific binding of a ligand S to three-residue
w xsequences on an acceptor lattice A comprising seven residues. Arrows indicate the interconversion of the various acceptor–ligand species

resulting from attachment or removal of ligand.
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species, 1,4AS , 1,5AS , and 2,5AS , that can be formed2 2 2

by attaching a second ligand molecule. Formation of
Ž .each of these species can occur in two ways Fig. 2 ,

the order of attachment being immaterial to the
thermodynamic definition of the species.

In constructing the system of ordinary differential
equations it is necessary to consider the formation
and loss of the relevant species. For example, in

w xwriting the expression for d S rd t account needs to
Ž .be taken of i the decrease in the concentration of

w xfree ligand concentration, S , as the result of ligand
Ž .binding to various acceptor species, and ii the

w xincrease in S resulting from detachment of ligand
from acceptor–ligand complexes. It needs to be noted
that there are five ways of attaching a ligand molecule
w x w x w xS to naked lattice A , two ways of attaching S to
1AS and 5AS, and one way of attaching ligand to 2AS
and 4AS. Likewise, it is necessary to take into ac-
count the fact that the dissociation of each of the 1:1

Ž1 5 .acceptor–ligand complexes AS to AS releases a
free ligand molecule; and that in the same time
period 1,4AS , 1,5AS and 2,5AS serve as the source2 2 2

of two free ligand molecules. The consequent ex-
pression is presented as the first entry in Table 1,
which summarizes the complete set of ordinary dif-
ferential equations, in which k and k are used tof r

Ž .denote the respective association forward and dis-
Ž .sociation reverse rate constants for the noncoopera-

tive acceptor–ligand interaction.

Two important points emerge from this set of
ordinary differential equations. First, although there

Ž .are 10 equations one for each species , the symme-
try of the system is such that three are effectively
duplicated, thereby decreasing the number of inde-
pendent differential equations to be solved simulta-
neously. For example, 4AS formation from and disso-

w x w xciation into A and S gives rise to the terms
w xw x w4 x w4 xk A S yk AS in the expression for d AS rd t,f r

whereas the formation and breakdown of the
doubly-liganded complex 1,4AS yields the terms2

w4 xw x w1,4 xyk AS S qk AS . However, simulations runf r 2

with the differential equation for 4AS expressed in
these terms exactly match the concentration of 2AS
because of the geometric symmetry of the ligand
positions. Similarly, 1AS and 5AS, as well as 1,4AS2

and 2,5AS , share common solutions. Such symmetry2

considerations can become important because the
SCIENTIST package has an upper limit of 100
differential equations for simultaneous solution. The
second point to note in relation to Table 1 is that the
simpler form of the differential equation for 3AS
reflects the inability of this species to bind a second
molecule of ligand. More optimal ligand uptake by a
polymer chain complexed in this fashion is thus
reliant upon prior dissociation to reform naked lattice
w xA , for which there is an 80% chance of an initial
ligand attachment that is conducive to the binding of
a second molecule of ligand.

Table 1
w x w xSystem of ordinary differential equations for noncooperative binding of ligand S to three-residue sequences of an acceptor A comprising

seven residues
a bŽ . w xSpecies i d i rd t

1 2 3 4 5 1 2 4 5w xw x Žw x w x w x w x w x. w xŽ w x w x w x w x.S y5k A S qk AS q AS q AS q AS q AS yk S 2 AS q AS q AS q2 ASf f f
1,4 1,5 2,5Žw x w x w x.q2k AS q AS q ASr 2 2 2
1 2 3 4 5w xw x Žw x w x w x w x w x.A y5k A S qk AS q AS q AS q AS q ASf r

1 1 1 1,4 1,5w xw x w x w xw x Žw x w x.AS k A S yk AS y2k S AS qk AS q ASf r f r 2 2
2 2 2 2,5w xw x w x w xw x w xAS k A S yk AS yk S AS qk ASf r f r 2
3 3w xw x w xAS k A S yk ASf r
4 2c w xAS d AS rd t
5 1c w xAS d AS rd t
1,4 1 4 1,4w xŽw x w x. w xAS k S AS q AS y2k AS2 f r 2
1,5 1 5 1,5w xŽw x w x. w xAS k S AS q AS y2k AS2 f r 2
2,5 1,4c w xAS d AS rd t2 2

aAcceptor–ligand complex species are defined in Fig. 1.
bAssociation and dissociation rate constants are denoted by k and k , respectively.f r
cSpecies for which the differential equation is identical with that for another species.
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2.2. Monte Carlo simulations

Progress curves for the binding of large ligands to
consecutive residues of a linear acceptor lattice have
also been obtained by Monte Carlo type simulations

Žon a massively parallel computing facility MasPar
.Computer, Sunnyvale, CA , which allowed the com-

puting time for this type of simulation to be de-
creased from days to 7 h of single-user time. A
program, written in MasPar Fortran, has been devel-
oped such that it operates in parallel on two-dimen-
sional arrays of the order of 1000=10 elements.
The binding process was simulated as random at-
tachment and detachment of ligands torfrom accep-
tor residues, the random number generator of the
computer being used to select the acceptor residues

Ž .for any given event attachment or detachment . This
Monte Carlo method was used to model binding to
three-residue sequences on linear acceptors ranging
from 6 to 14 residues in length.

The decision to switch from numerical solution of
the system of ordinary differential equations re-
flected an upper limit of 10 for the number of
differential equations that could be solved by the
software package available at that time. In retrospect,
resort to Monte Carlo simulations could have been
avoided because of a 10-fold increase in the number
of ordinary differential equations amenable to simul-
taneous solution by current SCIENTIST software.
However, the demonstration of agreement between
solutions obtained by the two procedures has pro-
vided an important check on the validity of solutions
obtained by either procedure. In that regard the long

Ž .time many hours required to establish a time course
of ligand binding by Monte Carlo simulation is
clearly a disadvantage from the viewpoint that the
same information could have been obtained in a
minute by the alternative procedure. On the other
hand, this disadvantage is offset to some extent by
the fact that there is less room for error in the change
of program to accommodate a change in length of
the acceptor. Because the system of ordinary differ-
ential equations needs to be established ab initio for
each linear lattice, extreme care is required to ensure
the correctness of sets of differential equations such
as those presented in Table 1. Confirmation of the
simulated progress curve by this independent proce-
dure thus provides additional assurance that the par-

ticular system of ordinary differential equations is,
indeed, correct.

2.3. Nonspecific binding with an irreÕersible parking
problem

In previous studies of the nonspecific binding of a
ligand to n-unit sequences of a polymer chain com-
prising N units, the randomness of initial ligand
attachment has been considered to be eliminated in
the limiting situation of acceptor saturation with
ligand. This thermodynamically rigorous definition

Ž .of the reaction stoichiometry as the integer value R
of Nrn is therefore conditional upon the lapse of a
sufficient time period for the dissociation and reloca-
tion of inefficiently parked ligand molecules. How-
ever, the time scale of an experiment may not allow
the occurrence of sufficient dissociation and reasso-
ciation events to effect the rearrangement of bound
ligand molecules that is required for attainment of

Ž .the capacity stoichiometry predicted on thermody-
namic grounds.

The present stance is similar to that adopted by
w xFlory 16 in assessing the stoichiometry of irre-

versible condensation of adjacent functional side-
groups on a linear polymer; but differs therefrom in
two respects. First, binding to larger lattice segments
is also considered. Secondly, the concept of equilib-
rium between free and bound states is presumed to
prevail despite the fact that inefficient parking of
ligand has temporarily masked the existence of some
potential sites on the polymeric acceptor. Although
indefensible on rigorous thermodynamic grounds,
such a concept of pseudoequilibrium should apply
when there is a slow coalescence of isolated lattice
units to form the n-unit segment required for binding
of an additional ligand molecule. This suboptimal,
pseudoequilibrium capacity is observed as a transient
plateau in simulated time courses of equilibrium

Ž .attainment see later . Furthermore, the equivalence
of this transient capacity and that determined for
irreversible binding has also been demonstrated. The
theory of irreversible binding has therefore been
utilized to determine expressions for the pseudoequi-
librium capacity.

Recursive argument is used to determine the irre-
versible capacities of linear lattices of identical units.
For each point of first attachment the lattice has the
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potential to support one ligand molecule plus the
capacities of the sublattices on either side of that

w xposition 5 . The total number of attached ligands,
calculated by considering all points of first attach-
ment plus the consequent sublattice capacities, is
averaged over the number of points of initial attach-
ment to give the irreversible capacity. The recursive
relationship describing the irreversible capacity,
Ž .R of an N-unit lattice for a ligand binding to ni N

units is

Nyn

R s1q 2 R r Nynq1 2Ž . Ž . Ž . Ž .Ýi iN L½ 5
Ls1

Ž .where R is the irreversible capacity of a sublat-i L

tice with L units. Initial terms of the recursive
relation are simply determined by considering that

Ž .the lattice sublattice length must be at least as large
as the number of units involved in attachment of
ligand for binding to occur; and that lattices with a
length less than twice that span can only bind one
ligand molecule. Further development of the logic
behind the recursive formula is most readily illus-
trated by means of a specific example.

Consider, as illustrated in Fig. 3, the attachment
of the first ligand molecule to a three-unit segment

Ž .of a lattice with 10 units Ns10 . If the ligand
Žmolecule is attached to the first three units species

.A , there are no units to its left for further attach-
ments; but there are still seven units to its right. On
the other hand, attachment of the first ligand molecule

Ž .to positions 4–6 species D leaves available a sub-
lattice with three units to the left and one with four
units to the right. The irreversible capacities of each

Ž .of the sublattices, R , now need to be determined.i L
Ž .From the above discussion it follows that R si 0

Ž . Ž . Ž . Ž . Ž .R s R s0, and that R s R s R si 1 i 2 i 3 i 4 i 5

1; but we now need to resort to further recursive
Ž Ž .. Ž .argument Eq. 2 to obtain values of R andi 6

Ž . Ž . Ž .R . Specifically, R s1q2 R r4s1.5; andi 7 i 6 i 3
Ž . wŽ . Ž . xR s 1 q 2 R q R r5 s 1.8. The irre-i 7 i 3 i 4

versible capacity of this 10-unit lattice for a ligand
Ž .attaching to three-unit segments thus becomes R i N

wŽ . Ž . Ž . Ž . xs 1 q 2 R q R q R q R r8 s 2.575,i 3 i 4 i 5 i 6
Ž .which is only 86% of the capacity Rs3 if binding

were allowed to attain thermodynamic equilibrium.
Table 2 lists the chainlength dependence of the
irreversible capacity for a ligand that binds non-

Fig. 3. Schematic representation of possible initial attachments in
Ž .the irreversible binding of ligand to three-unit segments ns3 of

Ž .a 10-unit lattice Ns10 to show the sublattice formation from
which the capacity is deduced by recursive logic on the basis of

Ž .Eq. 2 .

specifically to sequences of two to eight units of
lattices with up to 40 units.

Provided that the overlap is symmetrical, similar
reasoning for the situation in which ligand occupies

Ž .m while only binding to n lattice units Fig. 1d,e
leads to the expression

Nym

R s1q 2 R r Nynq1 3Ž . Ž . Ž . Ž .Ýi iN L½ 5
Ls1

for the irreversible relationship. On the grounds that
Ž . Ž .the only difference between Eqs. 2 and 3 is the

upper limit of the summation, the irreversible capac-
ity for such a system may also be obtained as the
appropriate entry in Table 2 for an acceptor with

Ž .Nq myn units. For example, the irreversible ca-
pacity of a 20-unit lattice for a ligand that binds to

Ž .three but occupies five units a 5_3 ligand is 3.28,
Ž .the entry in Table 2 for ns5 and Ns 20q5y3

s22. This conclusion finds quantitative parallel in
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Table 2
Ž .Dependence, upon polymer chainlength N , of the irreversible

capacity of an acceptor lattice for nonspecific binding of a ligand
to a segment of n residues

Ž .N Irreversible capacity R i

ns2 ns3 ns4 ns5 ns6 ns7 ns8

1 0.00 0.00 0.00 0.00 0.00 0.00 0.00
2 1.00 0.00 0.00 0.00 0.00 0.00 0.00
3 1.00 1.00 0.00 0.00 0.00 0.00 0.00
4 1.67 1.00 1.00 0.00 0.00 0.00 0.00
5 2.00 1.00 1.00 1.00 0.00 0.00 0.00
6 2.47 1.50 1.00 1.00 1.00 0.00 0.00
7 2.89 1.80 1.00 1.00 1.00 1.00 0.00
8 3.32 2.00 1.40 1.00 1.00 1.00 1.00
9 3.76 2.29 1.67 1.00 1.00 1.00 1.00

10 4.19 2.58 1.86 1.33 1.00 1.00 1.00
11 4.62 2.84 2.00 1.57 1.00 1.00 1.00
12 5.05 3.12 2.20 1.75 1.29 1.00 1.00
13 5.48 3.39 2.41 1.89 1.50 1.00 1.00
14 5.92 3.67 2.62 2.00 1.67 1.25 1.00
15 6.35 3.94 2.82 2.15 1.80 1.44 1.00
16 6.78 4.22 3.02 2.32 1.91 1.60 1.22
17 7.21 4.49 3.22 2.49 2.00 1.73 1.40
18 7.65 4.77 3.42 2.65 2.12 1.83 1.55
19 8.08 5.04 3.62 2.81 2.26 1.92 1.67
20 8.51 5.31 3.82 2.96 2.39 2.00 1.77
21 8.94 5.59 4.02 3.12 2.53 2.10 1.86
22 9.38 5.86 4.23 3.28 2.67 2.21 1.93
23 9.81 6.14 4.43 3.44 2.80 2.33 2.00
24 10.24 6.41 4.63 3.60 2.92 2.45 2.08
25 10.67 6.69 4.83 3.75 3.05 2.56 2.18
26 11.11 6.96 5.03 3.91 3.18 2.68 2.28
27 11.54 7.24 5.23 4.07 3.31 2.79 2.38
28 11.97 7.51 5.43 4.23 3.45 2.90 2.49
29 12.40 7.79 5.63 4.39 3.58 3.01 2.59
30 12.83 8.06 5.83 4.55 3.71 3.12 2.69
31 13.27 8.33 6.03 4.70 3.84 3.23 2.78
32 13.70 8.61 6.24 4.86 3.97 3.34 2.88
33 14.13 8.88 6.44 5.02 4.10 3.45 2.97
34 14.56 9.16 6.64 5.18 4.23 3.56 3.07
35 15.00 9.43 6.84 5.34 4.36 3.68 3.17
36 15.43 9.71 7.04 5.50 4.49 3.79 3.26
37 15.86 9.98 7.24 5.66 4.62 3.90 3.36
38 16.29 10.26 7.44 5.81 4.75 4.01 3.46
39 16.73 10.53 7.64 5.97 4.88 4.12 3.55
40 17.16 10.81 7.84 6.13 5.02 4.23 3.65

thermodynamic studies, which are based on a re-
Ž .versible capacity of Nqmyn rm to account for

the fact that a ligand molecule attached to the termi-
nal region of an acceptor can protrude beyond the
end of a chain and hence occupy fewer than m sites
w x5 .

3. Results

3.1. Comparison of simulated progress curÕes

The excellent agreement between results from the
two procedures used to simulate the time course of
equilibrium attainment is illustrated in Fig. 4, which
compares progress curves obtained by the EPISODE

Ž .numerical integration procedure with
Ž .those obtained by Monte Carlo simulation symbols

for the binding of a large ligand to three consecutive
residues on a seven-residue lattice. Confidence in the
validity of such simulated time courses is obviously
enhanced by independence of the result upon the
method of generation. Time courses of acceptor oc-

Ž . Žw x .cupancy r and free ligand concentration S aret t

presented in Fig. 4a for a reaction mixture with 2.4

Fig. 4. Comparison of progress curves obtained by numerical
Ž .integration EPISODE program of the system of ordinary differ-

Ž .ential equations and by Monte Carlo simulations
Ž . w xsymbols for the nonspecific interaction of ligand S with three-

w xresidue sequences of a seven-residue acceptor lattice A governed
Ž .by association and dissociation rate constants k , k of 0.001f r

mMy1 sy1 and 0.01 sy1 , respectively: values of 2.4 mM and 300
mM were assigned to the respective total concentrations of accep-

Žw x . Žw x . Ž .tor A and ligand S . a Time dependence of the concen-tot tot
Ž . Ž . Ž .tration of free ligand B and the binding function v . b

Corresponding time courses for the concentrations of the indicated
Ž .acceptor–ligand complexes see Fig. 2 for terminology .
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Žw x . Žw x .mM acceptor A , 300 mM ligand S andtot tot

noncooperative binding governed by association and
dissociation rate constants of 0.001 mMy1 sy1 and
0.01 sy1, respectively: time courses for the concen-
trations of 2AS, 3AS, and 1,5AS are presented in Fig.2

Ž w x w1,5 x .4b: magnitudes of parameters r , S , AS att t 2 t

ts1000 s, are indistinguishable from the equilib-
rium values. The concentrations of 3AS and 2AS at
1000 s are identical and essentially equal to the

w2 xmagnitude of AS attained within the first 10 s oft

reaction.
The reason for relatively slow attainment of ther-

modynamic equilibrium becomes evident from con-
sidering the various progress curves presented in Fig.
4. For this system there is an extremely fast decrease
in the concentration of free ligand in the first 10 s of

w xreaction, after which S continues to decline slowlyt

for about 10 min: this time course is necessarily
Ž .mirrored in the average occupancy r , which onlyt

attains its equilibrium value after 10 min despite
Žreaching 90% of that value within the first 10 s Fig.

.4a . Inspection of the progress curves for individual
Ž .species Fig. 4b shows that the slow kinetic phase

reflects the necessity of depleting the concentration
of 3AS from that formed initially in order to achieve
a concentration of ligand-saturated complexes
Ž1,4 1,5 2,5 .AS , AS and AS that is in thermodynamic2 2 2

equilibrium with the other species. Thus, whereas the
concentrations of those species which are compatible
with the direct formation of saturated complex attain
their equilibrium values within the first few seconds

Ž1 1,4 1,5 2 2,5 .of reaction AS™ AS and AS ; AS™ AS ,2 2 2

the formation of 3AS is incompatible with formation
of a saturated complex. Inasmuch as the formation of
additional saturated complexes is conditional upon
the dissociation of 3AS, the slow phase in the time
course for the concentrations of these saturated

w3 xspecies mirrors that of the decline in AS . Persis-
tence of the slow phase of the parking problem
kinetics thus correlates with the proportion of unsat-
urable acceptor–ligand complexes for a linear accep-
tor of given length.

3.2. Conditions conduciÕe to significant parking
problem kinetics

The chief goal of this investigation has been the
delineation of conditions under which kinetic aspects

of the elimination of the parking problem are most
likely to bring into question the validity of subjecting
experimental measurements to analysis in terms of
binding equations based on the premise of equilib-
rium attainment. On the grounds that the extent of
acceptor saturation is likely to be a key issue, we

Ž .first examine Fig. 5a the effect of total ligand
w xconcentration, S , on the time course of equilib-tot

rium attainment for a system in which the binding of
ligand to three-residue sequences on a six-residue

Žw x .acceptor lattice A s1 mM is governed by re-tot

spective association and dissociation rate constants
of 0.001 mMy1 sy1 and 0.01 sy1, the values that
had been assigned to these parameters in the simula-
tions presented in Fig. 4. As the total ligand concen-

Fig. 5. Time dependence of the binding function, expressed as a
proportion of the equilibrium value, from simulations of the
nonspecific binding of ligand to three-residue sequences of a

w xsix-residue acceptor lattice in situations with A s1 mM, thetot
Ž . Žw x .indicated concentrations mM of ligand S , a dissociationtot

Ž . y1 Ž . y1 y1 Ž .rate constant k of 0.01 s , and a k s0.001 mM s ; br f

k s0.1 mMy1 sy1. The inserts show the fractional saturation atf
Žw x .equilibrium for the given total ligand concentration S : totot

obtain the fractional saturation at equilibrium, r is divided by 2,eq

the saturating number of ligand molecules R in this system.
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tration is increased from 0.1 mM to 10 mM, the time
to reach 98% of equilibrium occupancy decreases

w xprogressively; but this trend is reversed when S istot

increased to 100 mM. In the low range of ligand
concentration, for which binding at equilibrium cor-

Žresponds to 1.4 to 48% saturation of acceptor tabu-
.lated in Fig. 5a , the faster rate of equilibrium attain-

ment with increasing ligand concentration conforms
with second-order kinetic behavior for the associa-
tion reaction. As predicted on that basis, an even
faster rate of binding applies to the initial stages of
the progress curve for the highest ligand concentra-
tion, which gives rise to 85% saturation of acceptor
at equilibrium; but the kinetics of parking problem
elimination then assume control of the overall ap-
proach to equilibrium. The simulated results pre-
sented in Fig. 4a thus confirm intuitive reasoning by
establishing that parking problem kinetics are un-
likely to be a cause for concern in the experimental
collection of equilibrium binding data at low levels
of acceptor saturation, but that they do prolong
considerably the time required to acquire measure-
ments reflecting equilibrium in mixtures with a high
level of acceptor saturation.

It can certainly be argued that the simulations
presented in Fig. 5a refer to a situation in which the
association rate constant is several orders of magni-
tude below the level of diffusion control; and that
equilibrium for an experimental system with a bind-

Ž . 5 y1ing constant k rk of 10 M could well bef r

attained much more quickly than is suggested by
these simulated progress curves. To encompass the
fact that much larger intrinsic binding constants fre-
quently prevail in protein–polymer interactions, Fig.
5b presents the results of corresponding simulations
for the same system with k increased 100-fold tof

y1 y1 Ž 7 y1.0.1 mM s , a more likely value Ks10 M .
Equilibrium is again attained rapidly at the lowest

Ž .ligand concentration 0.1 mM , but the kinetics of
the parking problem are already becoming evident in
the simulated time course for 1 mM ligand.

The simulated results presented in Fig. 5a serve as
a warning to experimenters of the need to ascertain
whether a seemingly stable spectrophotometric or
spectrofluorometric signal reflects equilibrium attain-
ment or merely the onset of the slow phase of the
progress curve. The observation that kinetic effects
of the parking problem can be minimized by restrict-

ing measurements of ligand binding to low levels of
acceptor saturation is not the solution to an experi-
menter’s dilemma, unless the size of the residue
sequence for ligand attachment can be ascertained by
other means. A lack of data in the second half of a
binding curve clearly precludes unequivocal experi-
mental delineation of the binding capacity of the
acceptor, which is the key indicator of the size of the
residue sequence occupied by a ligand molecule, and
hence the determinant of the binding equation used
to analyze the experimental results.

The factor that determines whether or not kinetic
aspects of the elimination of the parking problem are
likely to be a major consideration in experimental
studies of nonspecific ligand binding under condi-
tions of high acceptor concentration is, of course, the
magnitude of the dissociation rate constant, which
dictates the rate of equilibrium attainment because it
governs the breakdown of unsaturable acceptor–

Ž3 .ligand complexes AS in Fig. 3b . This influence of
k is emphasized in Fig. 6, which presents the resultsr

w x w xof simulations with S s100 mM and A s1tot tot
Ž .mM as in Fig. 5b for systems in which the binding

of ligand to three-residue sequences of a six-residue
lattice is governed by an association rate constant
Ž . y1 y1k of 0.1 mM s and a 100-fold range off

dissociation rate constants: by expressing the ab-
scissa as the logarithm of time, any persistence of a

Ž .Fig. 6. Logarithmic time dependence t in s of the approach to
equilibrium predicted by simulations of the nonspecific interaction
between ligand and three-residue sequences of a six-residue ac-

w x w xceptor lattice in situations with A s1 mM, S s100 mM,tot tot
y1 y1 Ž y1 .k s0.1 mM s and the indicated magnitudes s for thef

Ž .dissociation rate constant k : the broken line signifies irre-r
Ž .versible binding k s0 .r
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pseudoequilibrium plateau is highlighted. For the
6 y1 Žsystem with a binding constant of 10 M k s0.1r

y1 .s the parking problem would be unlikely to im-
pede measurement of an equilibrium response, which
is attained within 2 min. For the system with a

8 y1 Ž y1 .binding constant of 10 M k s0.001 s , how-r

ever, the parking problem is only eliminated after 2.5
h despite the fact that a seemingly stable plateau
response would have been observed within a second
of mixing the reactants. This observation is very
sobering from the viewpoint that one experimental
approach to defining the acceptor capacity for ligand
entails measurement of ligand binding under condi-
tions where reaction is essentially stoichiometric.

ŽSelection of reaction conditions a change in pH or a
.lower ionic strength that enhance the magnitude of

the binding constant virtually guarantees a decrease
in k , and hence exacerbates the problem of obtain-r

ing a binding response that reflects thermodynamic
equilibrium.

The validity of the prediction that persistence of
the parking problem should correlate with the pro-
portion of unsaturable complexes is borne out by the
results of simulations presented in Fig. 7 for the
binding of ligand to three-residue sequences on lat-
tices comprising 6 to 14 residues: although these
results were inferred from Monte Carlo simulations,
we have confirmed the identity of predictions ob-
tained by numerical integration for lattices compris-
ing six to nine residues. In order to facilitate compar-
isons, the association and dissociation rate constants
have been assigned fixed values of 0.001 mMy1 sy1

y1 Ž .and 0.01 s as in Fig. 4 . The total concentration
w xof ligand, S , has been fixed at 300 mM, whiletot

Žw x .that of acceptor A was assigned a magnitude oftot

3.0 mM in the simulations for a six-residue acceptor.
Corresponding values for larger lattices were scaled
down on the basis of the number of ways of initial
attachment of ligand to an acceptor of given length

Ž .relative to that 4 ways for forming 1:1 complex on
a 6-residue acceptor. There is a cyclical trend in the
time required for equilibrium attainment, which goes
through a maximum for lattice lengths that are multi-
ples of the number of lattice residues occupied by a
single ligand molecule, these being the lattices that
give rise to the greatest proportion of unsaturable
acceptor–ligand complexes. Another feature to be
noted from Fig. 7 in addition to this cyclical fluctua-

Fig. 7. Effect of acceptor chainlength on the time course of
equilibrium attainment in numerical simulations of the nonspecific
binding of ligand to three-residue sequences that is governed by
association and dissociation rate constants of 0.001 mMy1 sy1

and 0.01 sy1 , respectively, in mixtures with a total ligand concen-
Žw x .tration S of 300 mM. The total concentration of acceptortot

Žw x .A , which was 3 mM for the six-residue lattice, was scaledtot

down in accordance with the number of ways of forming 1:1
complex with the lattice, which ranged in length from 6 to 14

Ž .residues number against each progress curve .

tion in time required for equilibrium attainment is
the fact that the equilibration times exhibit a general
increase with increasing acceptor length. This is
evident from the final panel in Fig. 7, which avoids
the distraction of the cyclical trend by comparing the
time courses of equilibrium attainment for the three
lattice lengths that are multiples of the three-residue
sequence occupied by ligand. In an experimental
context the difficulties associated with defining the
thermodynamic endpoint of an acceptor–ligand titra-
tion are exacerbated by increasing length of the
acceptor lattice because of the extension of the time
required to eliminate the parking problem.

At first sight it might seem that any underestima-
tion of the maximal value of the binding function
Ž .r sR would be recognized immediately on theeq

basis that the capacity must be an integer for a lattice
with a given chainlength. However, because polymer
lattices will generally exhibit polydispersity with re-
spect to chainlength, the determination of a non-in-
teger value for R is likely to be attributed to that
cause rather than to underestimation of the capacity.
A consequent misidentification of the number of
residues spanned by a single ligand molecule would
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then be incorporated into the thermodynamic expres-
sion used to interpret the valid equilibrium binding
data obtained at lower extents of lattice saturation.
To avoid such pitfalls, it can be argued that a more
appropriate avenue of attack on the reaction stoi-
chiometry from such measurements would be to
interpret the experimentally measured pseudoequilib-
rium plateau response as though the parking problem
were irreversible—a procedure now illustrated by
considering results for the interaction of thrombin
with heparin.

3.3. The interaction of thrombin with heparin

In this section we make use of results from a
w xspectrofluorometric study 17 of the interaction be-

tween thrombin and heparin, a polysaccharide in
which the repeat unit is a disaccharide comprising
a-L-iduronic acid-2-sulfate linked b-1,4 to N-

w xsulfurylglucosamine-6-sulfate. Nesheim et al. 17
adopted the direct approach to the capacity question
by titrating dansylated thrombin with heparin under
conditions conducive to effectively stoichiometric

Ž .reaction Fig. 8a . The consequent results for the
dependence of heparin capacity for thrombin upon
molecular weight of the polysaccharide are summa-

Ž .rized B in Fig. 8b, where the abscissa has been
Ž .converted to the number of disaccharide units N

on the basis of a molecular weight of 615 for the
w xrepeating disaccharide unit 3 . In the sense that the

capacity extrapolates to a value of unity for Ns3,
these results are seemingly consistent with the con-

w xclusion 3 that thrombin binds nonspecifically to a
w xlinear sequence of three, rather than two 18 disac-

charide units. However, the predicted chainlength
dependence, as shown by the step function in Fig.
8b, provides an extremely poor description of the
experimental results. We therefore take note of the

w xstatement 17 that subsequent addition of unlabelled
thrombin failed to affect the extent of fluorescence
quenching already measured for a given mixture of
heparin and dansylated thrombin. Although the au-
thors were at a loss to account for this result so out
of keeping with their expectation, a plausible expla-

Žnation is that a slow dissociation rate constant con-
sistent with the extremely large K that pertains in a

.stoichiometric titration effectively precluded any
Ž .dissociation of acceptor–ligand complex es in the

Fig. 8. Consideration of results from spectrofluorometric titrations
w x w xof dansylated thrombin S with heparin A in terms of nonspe-

Ž .cific binding. a Establishment of the essentially stoichiometric
nature of the interaction from the form of the titration curve for a

Ž . Ž .sample of heparin with a molecular weight M of 27,400. bA
Ž .Comparison of experimental results B with the chainlength

Ž .dependence Ns M r615 of heparin capacity for thrombinA

predicted for various models of the nonspecific interaction: step
function, thermodynamic capacity for ligand binding to three-unit
segments; - - -, corresponding dependence for irreversible binding
to three-unit segments. Solid lines refer to models involving

Ž .irreversible interaction with ns3 but occupancy of the indi-
Ž .cated number m of disaccharide units of the N-unit heparin
Ž . Ž .chain. Data in a and b are inferred from Figs. 5 and 6,

w xrespectively, of Ref. 17 .

Ž .relatively short time order of 1 min allowed for
re-equilibration. The heparin capacity data are there-
fore considered in terms of titrations that reflect the

Ž .irreversible pseudoequilibrium endpoints prior to
elimination of the parking problem.

Little improvement in the degree of correspon-
dence between prediction and experiment is effected
by considering the titrations to yield the irreversible
endpoint for noncooperative binding of thrombin to

Ž .three-unit segments of the heparin chain - - - . Adop-
tion of the viewpoint that thrombin may be binding
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Ž .to hexasaccharidic sequences ns3 but occupying
Ž .larger segments m)n leads to the predicted chain-

length dependencies of R designated by the solidi

lines in Fig. 8b for the indicated values of m.
Interaction with three but occupancy of six disaccha-

Ž Ž ..ride units Eq. 3 provides the best description of
the stoichiometric titration data in terms of noncoop-
erative, nonspecific binding. Although the concept of
a ligand binding to three but overlapping six lattice

Ž .units a 6_3 ligand seemingly contravenes the as-
Ž .sumed symmetry of overlap Fig. 1d,e that is inher-
Ž .ent in the deduction of Eq. 3 , symmetrical overlap

is still feasible in this instance because of the disac-
charidic nature of the repeat unit in the heparin
chain.

The postulated system with m)n is certainly
plausible on the basis of the relative dimensions of
thrombin molecules and disaccharide units. From
X-ray crystallographic studies thrombin is effectively
a prolate ellipsoid of revolution with dimensions

w x4.5 = 4.5 = 5.0 nm 19 , whereas studies with
charged polyanionic saccharides indicate that the
linear dimension of a disaccharide unit is in the

w xvicinity of 1.0–1.2 nm 20 . An overlap model in
which thrombin binds directly to a sequence of three
disaccharides but excludes the binding of additional
thrombin to adjacent disaccharide units is thus en-
tirely reasonable.

In relation to the interpretation of equilibrium
binding data, the important lesson to draw from Fig.
8 is that the thermodynamic binding capacities would
be higher than those measured by stoichiometric
titration. For example, despite the fact that the mea-

Ž .sured capacity of the largest heparin lattice Ns52
is less than 8, the predicted thermodynamic capacity
of this lattice for a 6_3 ligand is 9. Alternatively,
consideration of the measured capacity as the ther-

Ž .modynamic parameter Rs Nqmyn rm leads to
the conclusion that thrombin is a 7_3 ligand and that
the capacity R is 8. Thus, even though equilibrium
binding measurements are usually made under condi-
tions where the kinetics of parking problem elimina-
tion is not an issue, their quantitative interpretation
requires a value of R to be specified in the expres-

w xsion 5
R

i ihh i iw x w xrs i C K S r 1qÝ C K S 4aŽ .� 4Ý i i½ 5
is1

Nym iy1 ynq i !Ž .Ž .hC s 4bŽ .i i! Nym iy1 yn !Ž .

As noted above, the correct quantitative interpreta-
tion of the equilibrium data is clearly predicated on
the selection of the correct value of the thermody-
namic capacity R, the determination of which re-
quires experimental measurements that are likely to

Ž .reflect the transient pseudoequilibrium state rather
than thermodynamic equilibrium condition.

4. Discussion

The increasing availability of powerful computing
facilities, in conjunction with developments in nu-
merical algorithms, clearly offers the potential for
more detailed probes into the kinetics of nonspecific

Žbinding of large ligands to sequences of identical or
.extremely similar residues on linear polymer lat-

tices. This investigation follows on from the earlier
w xfindings of Epstein et al. 11–15 , whose numerical

simulation work had already established the possible
existence of a biphasic time course for the attainment
of equilibrium in the binding of ligands to nonspe-
cific sequences of residues on a polymer lattice. The
potential significance of those earlier observations is
given greater focus by the present results, which
serve to define more clearly the particular circum-
stances under which the consequences of the kinetics
of elimination of the parking problem may pose
difficulties for the collection of thermodynamic data
on nonspecific ligand binding. From the present
simulations it is evident that the potential for the
existence of a transient plateau in the time course of
equilibrium attainment increases dramatically with
Ž . Ži increasing extent of acceptor saturation see Fig.
. Ž .5 , ii increasing magnitude of the binding constant

Ž .by virtue of the consequent decrease in k Fig. 6 ,r
Ž .and iii increasing length of the linear acceptor—

particularly in instances where the total number of
lattice residues is a multiple of the number occupied

Ž .by a ligand Fig. 7 . In an experimental situation it is
therefore critical to check whether a seemingly stable

Ž .response measured in say a spectrofluorometric
study of nonspecific binding reflects the required
thermodynamic equilibrium position or merely a
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pseudoequilibrium position prior to elimination of
the parking problem.

Simulations such as those presented here may, of
course, overestimate the time required for equilib-
rium attainment because of their disregard of the

w xpotential consequences of restricted diffusion 21,22 .
Indeed, those theoretical studies seem to have al-
layed concern about the need for checking whether
experimental results obtained for all protein–poly-
nucleotide and protein–polysaccharide interactions
are in fact amenable to thermodynamic interpreta-
tion. What has been demonstrated is that a combina-
tion of extremely weak nonspecific binding and sub-
sequent restricted diffusion of dissociated ligand
along the chain can account for an abnormally high

w xassociation rate constant such as that reported 23
w xbut now refuted 24 for the specific interaction of

Escherichia coli lac repressor with its operator. This
sliding mechanism has also been proposed to ac-
count for the accelerated inhibition of thrombin by
antithrombin III in the presence of heparin: nonspe-
cific binding of the enzyme is considered to allow its
diffusion in the dimension of the heparin chain to-
wards the inhibitor bound to a specific pentasaccha-

w xridic sequence of the heparin 25 . Although such a
mechanism may well apply to those particular situa-
tions involving weak nonspecific binding as an en-
hancer of the rate of specific binding that is gov-
erned by a much larger equilibrium constant, it does
not signify a general irrelevance of the need to
consider the consequences of the parking
problem—particularly in instances where nonspe-
cific interaction is the only binding event. Basically,
any rearrangement of bound ligand molecules on an
acceptor lattice must await dissociation of an unsat-

Žurable acceptor ligand complex the cause of the
.parking problem ; and although restricted diffusion

can certainly increase the magnitude of the effective
association rate constant, the rebinding of ligand is
often effectively instantaneous on the time scale of
ligand dissociation, which is the rate-limiting step.

Ž .The present illustration Fig. 6 that attainment of
a reasonable approximation to thermodynamic equi-
librium in a reaction mixture may take several hours
despite attainment of an essentially time-independent
binding response within a matter of seconds is, of
course, predicated by the use of relatively small
magnitudes for k . Although it can be argued thatr

such values are unreasonably small for some sys-
tems, and that equilibrium is likely to be attained
much more quickly than is suggested by the illustra-
tion, the present findings may still retain relevance
even under circumstances where equilibrium is at-
tained within a few minutes. Whereas such a time
requirement for attainment of equilibrium causes no
concern whatsoever in a conventional spectrophoto-
metricrspectrofluorometric titration, the need to
monitor the binding response for that length of time
in stopped-flow or temperature-jump studies of lig-
and binding is often not appreciated. In studies of
nonspecific interactions between a large ligand and a
polymeric acceptor lattice an experimenter may well
be required to display considerable patience before
interpreting a seemingly stable binding response as
attainment of equilibrium, and hence as the parame-
ter appropriate to analysis in terms of a thermody-
namic binding expression.

Finally, it should be recalled that potential effects
of the parking problem on the attainment of chemical
equilibrium only represent a major source of concern
for reaction mixtures in which there is a high extent
of acceptor saturation; and that they do not pose a
serious threat to the validity of the values of the
equilibrium binding function, r , in the range ofeq

acceptor saturation that is accessible to convenient
measurement. The difficulty is encountered in the
attempt to determine the maximal value or r, i.e., the

Ž .acceptor capacity for ligand R , knowledge of which
is a prerequisite for establishing the appropriate bind-
ing equation for thermodynamic characterization of

Ž Ž . Ž ..the interaction Eqs. 4a and 4b . We have there-
fore employed results for the nonspecific interaction

w xof thrombin with heparin 17 to explore the possibil-
ity of determining an acceptor capacity from stoi-
chiometric titration curves, and then evaluating an
equilibrium binding capacity on the basis that the
determined value refers to the capacity under condi-
tions where the parking problem is essentially irre-

Ž .versible Table 2 and Fig. 8 .
The scope of this investigation clearly needs to be

extended to situations involving cooperative binding
between ligand and nonspecific sequences of residues
on a linear lattice—an endeavor for which an appro-
priate line of attack has again already been estab-

w xlished 11,26 . However, although cooperative bind-
ing undoubtedly alters the quantitative manifesta-
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tions of the kinetics of elimination of the parking
problem, it is unlikely to affect the present qualita-
tive conclusion that the current analysis of nonspe-
cific binding to linear lattices needs closer scrutiny.
We therefore hope that this study may stimulate
further examination of the commonly held belief that
the characterization of nonspecific binding to linear
polymers only requires considerations of the thermo-
dynamic manifestations of the parking problem.
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